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Abstract
We explore “weak” supersymmetric systems whose algebra involves, besides Poincare generators, extra bosonic generators
not commuting with supercharges. This allows one to have inequal number of bosonic and fermionic 1-particle states in the
spectrum. Coleman–Mandula and Haag–Lopuszanski–Sohnius theorems forbid the presence of such extra bosonic charges in
interacting theory for d  3. However, these theorems do not apply in one or two dimensions. For d = 1, we construct a
nontrivial interacting system characterized by weak supersymmetric algebra. It is related to “n-fold” supersymmetric systems
and to quasi-exactly solvable systems studied earlier.
 2004 Elsevier B.V. Open access under CC BY license.1. Introduction
The basic defining feature of any standard super-
symmetric system is double degeneracy of all excited
states. This follows from the minimal supersymmetry
algebra
(1)Q2 = Q¯2 = 0, {Q,Q¯}+ = 2H,
where Q is a complex conserved (this is a corollary
of Eq. (1)) supercharge. If the superalgebra describing
symmetries of the system includes (1) as a subalgebra,
double degeneracy of all excited levels (if supersym-
metry is spontaneously broken, also the ground state
is doubly degenerate) follows.
An interesting question is whether some other
“weak” supersymmetric algebras involving Poincare
generators and conserved supercharges, but not in-
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Open access under CC BY license.cluding (1) as subalgebra, are possible. At the alge-
braic level, the answer is trivially positive. It is easy
also to construct Lagrangians enjoying weak super-
symmetry. Indeed, the Lagrangian
(2)L= 1
2
(∂µφ)
2 + iψ¯σµ∂µψ
(φ is a real scalar and ψ is a Weyl spinor) is invariant
with respect to supersymmetry transformations 2
δφ = αψα − ψ¯α˙ ¯α˙,
δψα = i
(
σ †µ
)
α
β˙ ¯β˙∂µφ,
(3)δψ¯α˙ = iβ(σ †µ)β α˙∂µφ.
2 We use the standard Weyl notation where the dotted and undot-
ted indices are raised and lowered with αβ(α˙β˙ ) and αβ (α˙β˙ )=
−αβ(α˙β˙ ); ψ¯ α˙ = (ψα)† and ψ¯α˙ = −(ψα)†; ψ2 = ψαψα and
ψ¯2 = ψ¯ α˙ψα˙ ; σµ = (1,σ ) and σ †µ = (1,−σ ).
174 A.V. Smilga / Physics Letters B 585 (2004) 173–179The corresponding supercharges are
Qα =
∫
d3x
(
σ †µσ0ψ
)
α
∂µφ,
(4)Q¯α˙ =
∫
d3x
(
ψ¯σ0σ
†
µ
)α˙
∂µφ.
Now, Qα and Q¯α˙ are conserved, but their anticommu-
tators involve besides Pαα˙ also extra terms. In partic-
ular, {Qα,Qβ } = 0. The resulting superalgebra does
not include the subalgebra (1) and the number of
bosonic and fermionic 1-particle states might be dif-
ferent. And it is: the Lagrangian (2) describes a free
real boson (one state |B〉 for each 3-momentum p) and
a free Weyl fermion (two states |F±〉). It is interest-
ing (and important!) that, in the sector with given p,
the state pairing is restored for two-particle excitations
and higher. Thus, at the two-particle level, there are
two boson states |BB〉 and |F+F−〉 and two fermion
states |BF+〉 and |BF−〉. Actually, any Lagrangian in-
volving some number of free bosonic and some num-
ber of free fermionic fields is supersymmetric. There
are a lot of such supersymmetries: each bosonic field
can be mixed with each fermionic field independently
of others.3 However, this is only true for free the-
ory. As soon as the interaction is switched on, super-
symmetry (strong or weak) is broken. Indeed, non-
vanishing {Qα,Qβ} implies the presence of an extra
conserved bosonic charge in the representation (1,0)
of the Lorentz group. It is none other than the self-
dual part of the fermion spin operator Sαβ . Spin is
not conserved, however, in interacting theories. Ac-
tually, in any theory involving mass gap4 and a non-
trivial S-matrix, the presense of extra nonscalar con-
serving charges is ruled out by the Coleman–Mandula
theorem [2]. Interacting supersymmetric theories can
only involve, besides the Poincare generators Pµ, Mµν
and superchargesQi , central charges commuting with
everything and some extra global symmetry genera-
tors, which can have nontrivial commutators with Q
and between themselves, but they cannot appear in this
case in the anticommutators of supercharges [3].
3 One of the consequencies of this is the presence of the so-called
quasigoldstino branch in the spectrum of collective excitations in
quark–gluon plasma [1].
4 For massless theories, Poincare group can be extended to
conformal and super-Poincare—to superconformal.This is true if the dimension of space–time is 3
or more. In two dimensions, where scattering can be
only forward or backward, the theorems [2,3] do not
apply. In particular, one can have an infinite number of
conserved bosonic charges (like, e.g., it is the case in
the sine-Gordon model). Seemingly, nothing prevents
one to have an interacting 2d theory enjoying a version
of weak supersymmetry.
We tried to construct one, but failed. Probably, one
should try harder. What we were able to construct is a
weakly supersymmetric quantum mechanical system.
It has two complex conserved supercharges with non-
trivial anticommutators involving besidesH four other
bosonic generators which are not central charges—
their commutators with supercharges and between
themselves do not vanish. The boson–fermion degen-
eracy is there starting from the second excited level.
But not for the first excited level and not for vacuum.
In Section 2, we describe a simplest such system—
the weak supersymmetric oscillator. In Section 3,
we present a nontrivial weak supersymmetric Hamil-
tonian. We find that previously studied quantum sys-
tems with so-called “2-fold supersymmetry” [4] are
in fact weak supersymmetric systems in disguise. We
briefly discuss their relationship to quasi-exactly solv-
able models [5]. Section 4 describes our failed attempt
to generalize our QM construction to d = 2. This ex-
perience might be useful in future studies. Section 5
is reserved for discussion, conclusions, and acknowl-
edgements.
2. Weak supersymmetric oscillator
Consider the Lagrangian
(5)
L= 1
2
x˙2 + iψ¯αψ˙α − m
2
2
x2 − m
2
(
ψ¯αψ¯α +ψαψα
)
,
α = 1,2. It can be obtained out of the massive
version of the free field theory Lagrangian (2) by
dimensional reduction. It is invariant with respect to
supersymmetry transformations
δx = ¯ψ + ψ¯,
δψα =−iαx˙ + ¯αmx,
(6)δψ¯α = i¯αx˙ − αmx.
A.V. Smilga / Physics Letters B 585 (2004) 173–179 175The corresponding supercharges are
Qα = pψα + imxψ¯α,
(7)Q¯α = pψ¯α + imxψα,
where p = x˙ is the bosonic canonical momentum. The
canonical Hamiltonian is
(8)H = 1
2
p2 + 1
2
m2x2 + m
2
(
ψ¯αψ¯α +ψαψα
)
.
The quantum Hamiltonian can be written by replacing
p by −i∂/∂x and ψ¯α by ∂/∂ψα . Supercharges com-
mute with the Hamiltonian. On the other hand,
{Qα,Qβ} =Zαβ,
(9){Qα, Q¯β}= δβα (2H − Y ),
where
Zαβ =m(ψαψ¯β +ψβψ¯α),
(10)Y = m
2
(
ψ¯αψ¯α +ψαψα
)
.
The operators Zαβ and Y commute with H and with
each other, but the commutators
[Qα,Zβγ ] =m(αβQγ + αγQβ),
[Q¯α,Zβγ ] =m(αβQ¯γ + αγ Q¯β),
[Qα,Y ] =mQ¯α,
(11)[Q¯α,Y ] =mQα
and also
[Zαβ,Zγ δ] =m(βγ Zαδ + αγ Zβδ
(12)+ βδZαγ + αδZβγ )
are nontrivial. The algebra can be presented in a little
bit more convenient form if introducing Sα = Qα −
Q¯α, S¯
α =Qα + Q¯α . Then
{
Sα, S¯
β
}= 4Hδβα − 2Yδβα + 2Zβα ,
[Sα,Zβγ ] =m(αβSγ + αγ Sβ),[
S¯α,Zβγ
]=m(δαβ S¯γ + δαγ S¯β),
[Sα,Y ] = −mSα,
(13)[S¯α, Y ]=mS¯α,
to which the commutator (12) should be added. The
subalgebra (12) is none other than sl(2), which can bereadily seen by identification
Z11 ≡ 2imσ+, Z22 ≡ 2imσ−,
Z12 =Z21 ≡−mσ3.
All other commutators and the anticommutator {Sα,
Sβ } vanish.
It is not difficult to find the spectrum of H . The
eigenstates are
Φn± =
1√
2
|n〉
(
1± 1
2
ψαψ
α
)
;
(14)Φnα =ψα|n〉,
where |n〉 are the bosonic oscillator eigenstates. Their
energies are
En− =
(
−1
2
+ n
)
m, Enα =
(
1
2
+ n
)
m,
(15)En+ =
(
3
2
+ n
)
m.
The spectrum is drawn in Fig. 1. We see that there is
one vacuum state (its energy can be brought to zero
by adding the constant m/2 to the Hamiltonian, but
for the weak supersymmetric systems with algebra
(13), Evac = 0 is an option rather than requirement).
There are three first excited states: a bosonic and two
fermionic. Starting from the second excited state, there
are 2 bosonic and 2 fermionic states at each level.
The eigenvalues of the operator Y is −m for the
leftmost tower, 0 for two central and +m for the
Fig. 1. Spectrum of weak supersymmetric oscillator.
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rather Y/m+1) plays the role of the fermionic charge.
The operators Zαβ annihilate the states Φn± while the
states Φnα form doublet representations of the sl(2)
algebra (12).
To acquire further insights, it is instructive to write
the action of the operators Sα, S¯α on the states (14):
SαΦ
n− = 2
√
mnΦn−1α ,
SαΦ
n
β =−2
√
mnαβΦ
n−1+ ,
SαΦ
n+ = 0, S¯αΦn− = 0,
S¯αΦnβ = 2
√
m(n+ 1) δαβΦn+1− ,
(16)S¯αΦn+ = 2
√
m(n+ 1) αβΦn+1β .
We see that Sα annihilates the states from the right-
most column and brings the states from the left
columns to the right. The action of S¯α is opposite.
Now, one can divide all eigenstates in two sets:
(i) the states Φn− and Φn1 and (ii) the states Φn2 and
Φn+. The states from the subset (i) form the Hilbert
space of the N = 1 supersymmetric oscillator, with
S1 playing the role of the supercharge. The same
applies to the subset (ii) with the supercharge S2. For
ordinary N = 2 supersymmetric quantum mechanics,
the Hilbert space can also be divided into two N = 1
subspaces, but the specifics of a weak supersymmetric
system is that two sets of states are shifted with respect
to each other, i.e., the Hamiltonian for the right subset
differs from the Hamiltonian for the left subset by a
constant.
3. A class of interactive weak supersymmetric
systems
Consider the Lagrangian
L= x˙
2
2
+ iψ¯αψ˙α − V
2
2
− V
′
2
(
ψ2 + ψ¯2)− B ′
2
ψ2ψ¯2,
(17)B = V
′ −C
2V
,
where V (x) is an arbitrary function and C is an arbi-
trary constant. One can observe that the corresponding
action is invariant with respect to the supersymmetry
transformations
δx = ¯ψ + ψ¯,δψα =−iαx˙ + ¯α
(
V +Bψ2)
− 2B[(ψ¯ψ)α + (ψ¯)ψα],
(18)
δψ¯α = i¯αx˙ − α(V +Bψ¯2)
− 2B[¯ α(ψ¯ψ)+ ψ¯α(¯ψ)].
When V (x) = mx and C = m, Eq. (17) is reduced
to the oscillator Lagrangian (5) considered above.
The first four terms in Eq. (17) represent a rather
natural generalization of Eq. (5), like in Witten’s
supersymmetric quantum mechanics [6]. In our case,
we are obliged to add also a 4-fermion term in
the Lagrangian and extra nonlinear terms in the
transformation law.
The canonical classical supercharges and Hamil-
tonian are
Qα = pψα + iV ψ¯α + iBψ2ψ¯α,
(19)Q¯α = pψ¯α + iVψα + iBψ¯2ψα,
(20)H cl = p
2
2
+ V
2
2
+ V
′
2
(
ψ2 + ψ¯2)+ B ′
2
ψ2ψ¯2.
The Poisson brackets {Qα,H }P.B. and {Q¯α,H }P.B.
vanish. A certain care is required when quantizing
this theory. We want to fix the ordering ambiguities
in Q and H such that classical supersymmetry were
not spoiled at the quantum level. An experience ac-
quired by fiddling with supersymmetric σ -models and
gauge theories [7] teaches us that proper quantum su-
percharges should be obtained by Weyl ordering pro-
cedure from the classical expressions (19). In other
words, (19) should be Weyl symbols of the quantum
supercharges. This does not necessarily apply to the
Hamiltonian. Indeed, if choosing the quantum Hamil-
tonian such that (20) represents the Weyl symbol of
Hˆ qu, the Weyl symbol of the commutator [Qˆα, Hˆ ]
would be given by the Moyal bracket [7,8] of Qclα and
H cl,
[Qˆα, Hˆ ]W
= {Qα,H }M.B.
= 2 sh
{
1
2
[
∂2
∂Ψα∂ψ¯α
− ∂
2
∂ψα∂Ψ¯ α
+ i
(
∂2
∂q∂P
− ∂
2
∂Q∂p
)]}
×Qclα (ψ¯,ψ;p,q)H cl(Ψ¯ ,Ψ ;P,Q)
∣∣∣ Ψ¯=ψ¯,Ψ=ψ
P=p,Q=q
(21)= iBB ′ψα = 0.
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B2/2. The quantum supercharges and Hamiltonian
thus obtained are
Qˆα = pψα + iV ψ¯α + iB
(
ψ2ψ¯α +ψα
)
,
(22)ˆ¯Qα = pψ¯α + iVψα + iB(ψαψ¯2 − ψ¯α)
and
Hˆ = p
2
2
+ V
2
2
+ V
′
2
(
ψ2 + ψ¯2)
(23)+ B
′
2
(
ψ2ψ¯2 − 2ψψ¯ + 1)+ B2
2
+ C
2
,
where we added for convenience the constant C/2 in
the Hamiltonian. Direct calculation of the commuta-
tors (or, which is simpler, of the Moyal brackets of
the classical expressions) leads to a remarkable con-
clusion: the algebra (13), (12) derived for the oscilla-
tor is valid also in the interactive case, with m→ C,
H →H −C/2 and Zαβ,Y having the same form (10)
as before.
As earlier, the quantum states can be divided into
three classes: (i) the states |−〉 ∝ 1 − ψ2/2, (ii) the
states |α〉 ∝ ψα (they are present in two copies as
the Hamiltonian (23) does not feel the index α)
and (iii) the states |+〉 ∝ 1 + ψ2/2. These states
are characterized by a definite value of the “fermion
charge” Y : Y± =±m and Yα = 0. In each such sector,
we have an ordinary Schrödinger equation with the
potentials
U− = 12
(
W 2− −W ′−
)
,
Uα = 12
(
W 2− +W ′−
)= 1
2
(
W 2+ −W ′+
)+C,
(24)U+ = 12
(
W 2+ +W ′+
)+C,
where
(25)W± = V ±B.
It is clear now that we are dealing with two superim-
posed ordinary Witten’s SQM systems. The states |−〉
and |1〉 are described by such system with superpo-
tential W− and the states |2〉 and |+〉—by the system
with superpotential W+, with the constant C added to
the Hamiltonian. Excited states are mostly 4-fold de-
generate as for usual N = 2 SQM.The ground state is not necessarily degenerate. If
exp{− ∫ W−(x) dx} is normalizable, this (being mul-
tiplied by 1 − ψ2/2) determines the wave function of
the unique vacuum state. With the chosen normaliza-
tion of the Hamiltonian (the term C/2 in Eq. (23)!) it
has zero energy. Further, if exp{− ∫ W+(x) dx} is nor-
malizable, there is also a unique zero-energy ground
state for Witten’s Hamiltonian with superpotential
W+. Thus, we obtain a state in the sector |2〉 with en-
ergy C. Due to |2〉↔ |1〉 and |1〉↔ |−〉 degeneracies,
we have altogether three states with energy C at the
first excited level, and the picture is the same as for
the oscillator (see Fig. 1).
We have obtained free of charge a wide class
of quasi-exactly solvable [5] potentials U−(x) for
which the energy of the ground state (E0 = 0) and
of the first excited state E1 = C are exactly known.
They depend on an arbitrary function V (x) and an
arbitrary constant C with a certain restriction: both
exp{− ∫ W−(x) dx} and exp{− ∫ W+(x) dx} should
be normalizable. Probably, the simplest nontrivial
choice is V (x) = mx + αx3 with C = m (m,α > 0).
Note that the potential U−(x) is not polynomial in this
case.
The potentials U± in Eqs. (24), (25) were discussed
before (see Eq. (4.18) in Ref. [9] and Eq. (50) in
Ref. [10]) in association with the so-called 2-fold su-
persymmetry construction developed in [4]. N -fold
supersymmetry is a supersymmetry where superchar-
ges are not linear in momentum, but present polyno-
mials of power N . In our case, one can define the
quadratic in p operator
(26)Q= S1S2
with the action Q|+〉 = Q|α〉 = 0 and Q|−〉 = |+〉.
Q¯ acts in the opposite direction: Q¯|+〉 = |−〉, Q¯|α〉 =
Q¯|−〉 = 0. The operators Q, Q¯ commute with H
(as S1,2 and S¯1,2 do). If disregarding the states |α〉
annihilated by bothQ and Q¯ and considering only the
sectors |+〉 and |−〉, one can deduce
(27){Q, Q¯} = 16H(H −C).
The quadratic polynomial of H appearing on the right
side is characteristic of 2-fold supersymmetry. The full
algebra of the weak supersymmetry (12), (13) displays
itself only if the “central” sector |α〉 is brought into
consideration.
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As was discussed in the Introduction, it would be
very interesting to construct a nontrivial 2D weak
supersymmetric model. In this section, we explain
why a naive generalization of the model (17) to the 2D
case fails. Let us consider only the fermion part in (17)
and assume x to be constant. Such a restricted action
is still invariant with respect to δψα = . . . , δψ¯α = . . .
as dictated by Eq. (18). Consider only the part in δL
involving the time derivatives ψ˙α and ˙¯ψα and cubic in
ψ . It is determined by the variation of the kinetic term
iψ¯αψ˙α coming from the bits in δψα and δψ¯α that are
quadratic in ψ, ψ¯ . Such a variation represents a total
time derivative as it should.
Let us now try to generalize this to d = 2. Consider
the fermion kinetic term 5
(28)Lf = iψ¯γµ∂µψ
and let us require it to be invariant up to a total
derivative with respect to the transformation
δψα = (ψ¯)ψα +A(ψ¯γ5)(γ5ψ)α
+B(ψ¯γν)(γνψ)α,
(29)δψ¯α =Dψ¯2α
with arbitrary constants A,B,D (only the terms ∝
 are displayed, the terms ∝ ¯ to be restored by
hermiticity). Consider the terms ∝ ∂µψ¯ in δLf :
δLf ∝ (ψ¯γµψ)(∂µψ¯)+A(ψ¯γµγ5ψ)(∂µψ¯γ5)
+B(ψ¯ψ)(∂µψ¯γµ)
(30)−Bµν(ψ¯γ5ψ)(∂µψ¯γν).
Introduce the charge conjugation matrix C = iσ 2
satisfying the properties
(31)CT =−C, C2 =−1, Cγµ =−γ Tµ C
and rewrite Eq. (30) in terms of the structures ψ¯C∂µψ¯,
ψ¯γνC∂µψ¯ and ψ¯γ5C∂µψ¯ using the Fierz identity
ψ¯α∂µψ¯γ =−12
[
Cαγ (ψ¯C∂µψ¯)
+ (Cγν)αγ (ψ¯γνC∂µψ¯)
(32)+ (Cγ5)αγ (ψ¯γ5C∂µψ¯)
]
.
5 The convention in this section is ψ¯ = ψ†γ 0, γµγν = gµν −
µνγ
5 (e.g., γ0 = σ 1, γ1 = iσ 2, γ5 = σ 3).If we wish the variation (30) to be a total deriv-
ative, only the structure ψ¯C∂µψ¯ = 12∂µ[ψ¯Cψ¯ ] in
δLf is allowed while the coefficients of the struc-
tures ψ¯γνC∂µψ¯ and ψ¯γ5C∂µψ¯ should vanish—the
matrices γνC and γ5C are symmetric and ψ¯γνCψ¯ and
ψ¯γ5Cψ¯ vanish identically.
The statement is that it is not possible to suppress
unwanted structures with any choice of the constants
A,B .
5. Discussion
Our original motivation was the quest for nontriv-
ial supersymmetric systems with mismatch between
bosonic and fermionic degrees of freedom. Let us note
here that, while it is difficult to find such field the-
ory systems, their presence in quantum mechanics was
known for a long time. Most popular SQM systems
(Witten’s quantum mechanics, standard supersymmet-
ric σ models, etc.) have an equal number of bosonic
and fermionic phase space coordinates. But the SQM
system describing planar motion in transverse mag-
netic field involves two pairs of bosonic variables and
only one pair of fermionic variables. A class of non-
standard “symplectic”N = 2 supersymmetric σ mod-
els involving 3r bosonic variables and 2r fermionic
variables (r is an integer) was constructed in Ref. [11].
The Diaconescu–Entin N = 4 symplectic σ model
[12] generalized in [13] involves 5r bosonic and 4r
fermionic variables. An industrial method to construct
SQM models where the number of bosonic variables is
less than the number of fermionic ones was suggested
in [14]. In SQM, an equal number bosonic and fermi-
onic degrees of freedom is not required by supersym-
metry. What is required is the equal number of bosonic
and fermionic quantum states. But in field theory, any
bosonic or fermionic dynamical field corresponds to
an asymptotic state (a particle), and bosons and fermi-
ons should normally be matched.
We notice that this matching can be absent if relax-
ing the requirement that the anticommutator of super-
charges involves only the Hamiltonian, momentum,
and central charges. A lot of free weak supersymmet-
ric models can be written, but, for d > 3, interactive
weak supersymmetric theories do not exist. This fol-
lows from the Haag–Lopuszanski–Sohnius theorem.
This theorem does not apply to 2 dimensions, how-
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metric theories cannot be ruled out. The fact that our
quest was not successful leaves two options:
• Maybe one should just try harder and such sys-
tems will eventually be found. Perhaps, it is rea-
sonable to look at supersymmetric generalizations
of exactly solvable 2D models with an infinite
number of conservation laws (such bosonic sys-
tems do not exist for d > 3 due to Coleman–
Mandula theorem, which is relative to the HLS
theorem). However, in known such supersymmet-
ric generalizations [15], there is no mismatch.
• Maybe such models do not exist, indeed, in which
case one should be able to prove a strong version
of the Haag–Lopuszanski–Sohnius theorem.
Both possibilities look very interesting and only future
studies will show which of them is realized.
The main positive result of this Letter is the sys-
tem (17) which enjoys a weak supersymmetry alge-
bra (12), (13). It describes quantum systems which
were studied before, but from a different perspective. It
would be interesting to construct and study other, more
complicated weak supersymmetric models, especially
the models involving several bosonic degrees of free-
dom. This would allow one to construct new examples
of multidimensional quasi-exactly solvable models.
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